A well-established research area in finite group theory consists in exploring the interplay between the structure of a group G and certain sets of positive integers, which are naturally associated to G. One of those sets, denoted by cs(G), is the set of conjugacy class sizes of G. In order to have a better understanding of the arithmetical structure of cs(G), it is useful to introduce two kind of graphs. One of them is the common divisor graph Γ(G), whose vertex set is cs(G) \ {1}, and two vertices are adjacent if and only if they are not coprime numbers. The other one is the prime graph ∆(G): in this case the vertices are the primes dividing some class size of G, and two vertices p, q are adjacent if there exists a class size of G that is divisible by pq. As stated in [1] we conjecture that , for every integer k ≥ 1, the graph Γ(G) is k-regular if and only if it is a complete graph with k + 1 vertices: in this poster we outline the fact that the conjecture is true for k ≤ 4. Every group considered in the following discussion will be a finite group.
2.-F-groups
Our first result concerns F-groups. A group G is called an F-group if, for every x, y ∈ G\Z(G), the condition
Nonabelian F-groups were originally described in [6] , and the description was slightly improved in [4] . In view of this description one can prove what follows.
Theorem. Let G be an F-group. Then Γ(G) is either disconnected, or it has a vertex that is adjacent to all the other vertices.
Taking into account that, whenever Γ(G) is disconnected, it consists in fact of two isolated vertices, we get the following corollary.
Theorem. Let G be an F-group. Then, for k ≥ 1, the graph Γ(G) is k-regular if and only if it is a complete graph with k + 1 vertices.
3.-Graphs of diameter 3
Recall that, for every group G, the diameter of Γ(G) is at most 3 (see [3] ), and the bound is attained if and only if G is a direct product of the kind F × H where (|F |, |H|) = 1, the graph Γ(F ) is disconnected, and H is nonabelian (see [5] ). It is easy to see that the following holds.
Proposition. Let G be a group. If Γ(G) has diameter 3, then it is not a regular graph.
4.-Prime graphs with no complete vertices
We need now a result concerning the prime graph ∆(G), which is Theorem C of [2] .
Theorem. Let G be a group. Assume that no vertex of ∆(G) is adjacent to all the other vertices. Then (up to an abelian direct factor) G = K H, where K and H are abelian subgroups of G having coprime orders. Using the theorem above, it is possible to show the following.
Theorem. Let G be a group. Assume that no vertex of ∆(G) is adjacent to all the other vertices. Then Γ(G) is not k-regular for any k ≥ 1.
5.-The main result
We are now ready to sketch the proof of the main result in this poster.
Theorem. Let Γ be a graph, and assume there exists a group G such that Γ = Γ(G). Then, for k ∈ {1, 2, 3, 4}, the graph Γ is k-regular if and only if it is complete with k + 1 vertices.
Sketch of the proof. In view of Section 2, Γ(G) is connected and we are done if G is an F-group; therefore, we can assume there exist two distinct class sizes X = 1 and Y of G such that X is a divisor of Y . Denoting by S the set of vertices of Γ(G) that are adjacent to X, but different from Y , it is clear that S is also the set of neighbours of Y different from X. Taking into account Section 3, we observe that every vertex of Γ(G) must be adjacent to a vertex in S ∪ {X, Y }. We can show that, if the subgraph of Γ(G) induced by S is disconnected, then no vertex of the graph ∆(G) is adjacent to all the other vertices of ∆(G); therefore, in view of Section 4, what is left is to consider the case when the subgraph of Γ(G) induced by S is connected. This can be handled for k ∈ {1, 2, 3, 4}, thus yielding the result.
